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A New Algorithm for the Establishing Data Association Between a
Camera and a 2-D LIDAR
Lipu Zhou and Zhidong Deng
Abstract: In this paper, we propose a new algorithm to establish the data association between a camera and
a 2-D LIght Detection And Ranging sensor (LIDAR). In contrast to the previous works, where data association is
established by calibrating the intrinsic parameters of the camera and the extrinsic parameters of the camera and the
LIDAR, we formulate the map between laser points and pixels as a 2-D homography. The line-point correspondence
is employed to construct geometric constraint on the homography matrix. This enables checkerboard to be not
essential and any object with straight boundary can be an effective target. The calculation of the 2-D homography
matrix consists of a linear least-squares solution of a homogeneous system followed by a nonlinear minimization of
the geometric error in the image plane. Since the measurement quality impacts on the accuracy of the result, we
investigate the equivalent constraint and show that placing the calibration target nearby the 2-D LIDAR will provide
sufficient constraints to calculate the 2-D homography matrix. Simulation and experimental results validate that
the proposed algorithm is robust and accurate. Compared with the previous works, which require two calibration
processes and special calibration targets such as checkerboard, our method is more flexible and easier to perform.
Key words: sensor fusion; 2-D homography; extrinsic calibration; camera calibration

1

Introduction

In recent years, high definition LIght Detection
And Ranging sensors (LIDARs) become commercially
available and have been widely used in various
mobile robot platforms, such as unmanned ground
vehicle. They have large field of view and provide an
accurate 3-D model of the environment. However, the
color and texture information, which is very important
for object detection and recognition[1-5] , cannot be
acquired from them. On the other hand, cameras capture
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the image of the environment, but lose the range
information. Thus establishing data association of the
two sensors can obtain the complete information of the
environment.
Generally, this problem can be solved by two
calibration processes, i.e., camera intrinsic calibration
and extrinsic calibration of the camera and LIDAR
pair. Substantial works have been done for each
problem. Camera calibration aims to obtain the intrinsic
parameters of a camera. In Ref. [6], camera lens
distortion model was studied. In Ref. [7], a flexible
algorithm for camera calibration was proposed. Camera
was formulated as the pinhole model with radical lens
distortion. Checkerboard was used as the calibration
target. Recently, Chen et al.[8] presented a refined
checkerboard pattern to ease data collection process
and to accelerate the camera calibration. The relative
pose between the LIDAR and camera is another crux
to establish data association of the two sensors. The
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purpose of extrinsic calibration is to obtain these
parameters. Zhang and Pless[9] developed an algorithm
to calibrate a 2-D LIDAR and a camera by using the
checkerboard as the calibration target. This algorithm
requires the number of the checkerboard pose N not
less than 5. Vasconcelos et al.[10] proposed a minimal
solution of Zhang’s method[9] , which only needs
3 checkerboard poses. Recently, Zhou and Deng[11]
further extended Zhang’s method. They reported an
algorithm which is more robust and is applicable to
all N > 3. In Ref. [12], Wasielewski and Strauss
reported an alternative algorithm to calibrate a 2D LIDAR and a camera by exploiting a v-shape
target. Kwak et al.[13] used the same calibration
target as Ref. [12]. They improved the calibration
accuracy by introducing different weights to describe
the correspondence accuracy of the features and using
the Huber penalty function to exclude outliers. In
Ref. [14], a plane consisting of a black band on a
white paper was developed as calibration target. Laser
reflectivity was employed to automatically generate
plane-point correspondences. The minimal solution was
given for 6 such correspondences. Recently, Guo and
Roumeliotis[15] exploited the similar calibration target
as Ref. [14] and reported an analytical least-squares
solution for this problem. One disadvantage of the
traditional two-step scheme is that both calibration
processes involve time-consuming data collection and
nonlinear minimization. Furthermore, estimation error
in the first step will propagate to the second step
and reduce the accuracy of the final result. Thus the
method which can directly establish the data association
between a 2-D LIDAR and a camera in one process
is more preferred. Our algorithm seeks to achieve this
purpose.
According to Ref. [16], a spatial point can be mapped
to its image by a 3  4 projection matrix. Thus
finding the projection matrix between a LIDAR and a
camera can achieve the data association of them. Zhou
and Deng[17] presented an algorithm to recover the
projection matrix of a 3-D LIDAR and a camera using
the line-line correspondence. However this method does
not apply to the 2-D LIDAR and camera system,
because the laser points of a 2-D LIDAR all lie on
its scan plane, and the projection matrix cannot be
recovered from this configuration.
In this paper, we propose a new method to
establish the data association between a 2-D
LIDAR and a camera. The map between the
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measurements of the two sensor modalities is
formulated as a 2-D homography. Generally, the
2-D homography can be estimated by constraints
provided from point-point correspondences or lineline correspondences[16] . However, since the laser
point is not visible to the common camera, these
correspondences cannot be established. The geometric
constraints used in this paper are constructed from the
line-point correspondence, i.e., the correspondence
between a line in the image plane and a laser point
which is on the preimage of the line (a 3-D line). Any
object with straight line boundary can provide
such correspondences. Compared to the previous
works which require special target, our algorithm
is more flexible and easy to use. Each line-point
correspondence gives one linear constraint. A linear
homogenous system can be constructed from multiple
such correspondences. There are 8 degrees of freedom
of the 2-D homography. Therefore, at least 8 line-point
correspondences are required. The minimal solution
is the non-zero solution of the homogeneous linear
system. For the over-determined case, the least-squares
solution of the linear homogeneous system is used
to initialize a nonlinear cost function consisting of
the reprojection errors of the laser points in the 2-D
image plane. Furthermore, equivalent constraint is
investigated. We show that placing the calibration
object near the 2-D LIDAR can obtain accurate and
sufficient line-point correspondences to compute
the 2-D homography. We validate this algorithm by
simulation and real experiment. The results show that
the proposed algorithm can establish accurate data
association.

2
2.1

Problem Formulation
Notation and basic equation

Let us consider a 3-D point captured simultaneously by
a camera and a LIDAR. Let pl denote its coordinates
in the LIDAR reference frame and qc denote its pixel
coordinates in the image plane, respectively. For the
usual pinhole camera model, the projection of pl into
qc can be formulated below:
" #
" #
qc
pl
D sK ŒR; t
(1)
1
1
where K is the camera intrinsic matrix, R and t represent
the rotation matrix and translation vector, and s is
a scalar. In the previous works, K is estimated by
the camera intrinsic calibration[6-8] , then ŒR; t can be
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obtained by the extrinsic calibration of a LIDAR and a
camera[9-15] . If we define Q D KŒR; t, then Eq. (1) can
be written as
" #
" #
qc
pl
D sQ
(2)
1
1
where Q is a 3  4 matrix and is generally called the
camera projection matrix[16] .
2.2

Homography between the 2-D laser point and
its image

In this section, we show that data obtained from a
2-D LIDAR and a camera can be related by a 2-D
homography matrix.
For the 2-D LIDAR, pl is on the laser scan
plane. Without loss of generality, we can define
the laser scan plane ˘ as the z D 0 plane of the
LIDAR coordinate system. Therefore pl has the form
Œx; y; 0T . Let us denote the i-th column of Q as qi . Then
we can rewrite Eq. (2) as
2 3
x
" #
6 7
c
6 y7
q
7
D sQpl D sŒ q1 q2 q3 q4  6
6 07 D
1
4 5
1
2 3
x
6 7
sŒ q1 q2 q4  4 y 5
(3)
1

correspondences[16] . However,
this kind of
correspondence cannot be established for a common
camera and a 2-D LIDAR, because the laser point
is not visible to the common camera (Laser points
can be observed by the infrared camera[8] ). The
line-point correspondence provides an alternative
constraint on H. In this paper, we seek to construct
such correspondences to estimate H.
2.3

Assume a spatial line L can be observed by both
the camera and the 2-D LIDAR. Let l D Œa; b; cT
denote the homogeneous coordinate of the image of
L in the image plane and pl D Œx; y; 0T represent
the intersection point of L and the laser scan plane
˘ . Suppose qc is the image of pl . This geometric
relationship is illustrated in Fig. 1.
Since qc should be on l, it satisfies
lT qN c D 0
(6)
Substituting Eq. (4) into Eq. (6), we get
lT HpN l D 0

"
c

H D Œ q1 q2 q4 ; qN D

qc
1

#

2

x
6
7
; and pN l D 4 y 5 ;
1

then Eq. (3) can be written compactly as
qN c D sHpN l
l

3

(4)
l

Since the z-coordinate of p is always zero, p can be
represented by its x and y coordinates only. Therefore
pN l and qN c can be viewed as the homogenous coordinate
of pl and qc . Consequently, Eq. (4) shows that pl and
qc are related by a 2-D homography H[16] . Using the
definition of Q, we get the relationship between H and
K, R, t as follows.
2
3
1 0 0
6 0 1 0 7
6
7
H D K ŒR; t 6
(5)
7
4 0 0 0 5
0 0 1
This relationship can be used to validate
our
algorithm.
Generally,
homography
H
can be estimated by at least four point-point

(7)

Therefore one line-point correspondence gives rise to
one constraint on H. Since H is defined up to scale,
it has 8 degrees of freedom[16] . Thus at least 8 such
correspondences are required to recover it.

3
3.1

If we define

Geometric constraint

Algorithm Description
Closed-form solution

Suppose we collect N line-point correspondences. For
the i-th correspondence li D Œai ; bi ; ci T and pli D
Œxi ; yi T , we can write Eq. (7) as
2
32
3
xi
h11 h12 h13
6
76
7
Œ ai bi ci  4 h21 h22 h23 5 4 yi 5 D 0 (8)
h31 h32 h33
1

Fig. 1 A schematic of the line-point correspondence. l is the
image of the spatial line L. If the laser point pl is on L, its
image qc will be on l.
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where hij denotes the i-th row and j-th column entry of
H. Expanding Eq. (8), we have
Ai h D 0
(9)

So we define our objective function as
N
X
h D min arg
dis.li ; qci /2

where
Ai D Œai xi ai yi ai bi xi bi yi bi ci xi ci yi ci  ;

Substituting Eq. (12) and Eq. (13) into Eq. (14), we have
N
X
hT ATi Ai h
h D min arg
2
2
2
h i D1 .ai C bi /.h31 xi C h32 yi C h33 /
(15)
where Ai are defined in Eq. (9).
This is a nonlinear function and does not have
a closed-form solution. It can be minimized by
the general iterative optimization algorithm, such as
Levenberg-Marquardt algorithm[19] or Gauss-Newton
algorithm[18] . All these algorithms need an initial
estimation of h. The closed-form solution of Eq. (11)
provides such value.

h D Œh11 h12 h13 h21 h22 h23 h31 h32 h33 T :
Given N such correspondences,
homogeneous system for h,
Ah D 0

we obtain a
(10)

where A is an N  9 matrix whose i-th row is Ai .
Generally, measurements are with noise, thus
Eq. (10) will not have an exact solution except the
meaningless solution h D 0. Thus we seek to solve the
following minimization problem:
h D arg min kAhk2 ;
h

s.t. khk2 D 1

(11)

where kk2 represents the l2 norm. The additional
constraint khk2 D 1 is used to remove the scaling
ambiguity of H and to avoid h D 0. This problem
has a closed-form solution[16] . Suppose the Singular
˙ V T and
Value Decomposition (SVD)[18] of A is U˙
the diagonal entries of ˙ are arranged in descending
order. The solution of Eq. (11) is the last column of V.
3.2

Minimization of the geometric distance

The above solution minimizes the algebraic distance
(Eq. (11)). The disadvantage of this quantity is that it is
not geometrically meaningful. In this section, we refine
it by minimizing the geometric distance in the image
plane.
First, we consider the geometric error caused by the
i-th line-point correspondence, i.e., li and pli . Given
the laser point pli , Eq. (4) gives the homogeneous
coordinate of its image qN ci D HpN li : Therefore, the nonhomogeneous coordinates qci has the form:
" #
ui
c
qi D
(12)
vi
where

h11 xi C h12 yi C h13
;
h31 xi C h32 yi C h33
h21 xi C h22 yi C h23
vi D
:
h31 xi C h32 yi C h33
ui D

Then the distance between li and qci is
jai ui C bi vi C ci j
dis.li ; qci / D
q
ai2 C bi2

(13)

(14)

h i D1

3.3

Algorithm summary

Finally, we summarize our algorithm as follows:
(1) Find N > 8 line-point correspondences;
(2) Construct the coefficient matrix A by Eq. (9);
(3) Get the initial solution by minimizing
Eq. (11). Specifically, if the SVD of A is
˙ V T and the diagonal entries of ˙ are
U˙
arranged in descending order, the solution of
Eq. (11) is the last column of V;
(4) Refine the solution by minimizing Eq. (14) using
Levenberg-Marquardt algorithm[19] or GaussNewton algorithm[18] .

4

Equivalent Constraint

In the foregoing description, we use the line-point
correspondence to establish constraint on H. This
relationship assumes the laser point is on the object
boundary. However, the laser emitted by the LIDAR is
discrete. For example, the Hokuyo UTM-30LX LIDAR
used in our experiment has an angular resolution of
0.25 degree. Generally, the laser endpoint on the
calibration target will not exactly locate on the line,
as shown in Fig. 2. So the accuracy of the result
depends on how close the laser endpoint approaches
the line. As we know, the accuracy of the line-point
correspondence will degrade as the target far away from
the LIDAR. This restricts that the calibration object
should be placed nearby the 2-D LIDAR rather than the
whole common field of view of the 2-D LIDAR and
camera. In the following, we prove that this sampling
scheme will generate enough constraints on H.
Let us denote the plane back-projecting from lc as
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Using the homogeneous coordinate of qc1 , qc2 , and qc3
and following Eq. (6), we get
lc qN c3 D w1 lc qN c1 C w2 lc qN c2 D 0
(17)
Then according to Eq. (4), we have
s3 lc HpN l3 D w1 s1 lc HpN l1 C w2 s2 lc HpN l2

Fig. 2 The laser emitted from the LIDAR is
discrete. Generally, the laser endpoints pl1 and pl2 on the
calibration target will not equal the ground truth endpoints
gt
gt
p1 and p2 which are exactly on the boundaries of the
calibration target.

˘ b . All the 3-D line on ˘ b will have the same image
line lc . Suppose the spatial lines L1 and L2 both lie
on ˘ b . We claim that the constraint obtained from any
other spatial line L3 lying on ˘ b is a linear combination
of the constraints from L1 and L2 . Assume L1 , L2 , and
L3 intersect with the laser scan plane ˘ at points pl1 ,
pl2 , and pl3 , and qc1 , qc2 , and qc3 are the corresponding
image points. These geometrical entities are illustrated
in Fig. 3. Since qc1 , qc2 , and qc3 all lie on the line lc , we
can represent qc3 with respect to qc1 and qc2 as
qc3 D w1 qc1 C w2 qc2 ; with w1 C w2 D 1
(16)

So the constraint obtained from L3 can be expressed as
lc HpN l3 D k1 lc HpN l1 C k2 lc HpN l2 D 0
(19)
w1 s1
w2 s2
with k1 D
and k2 D
:
s3
s3
This constraint is a linear combination of the
constraints from L1 and L2 . So L3 cannot provide
additional constraint. Since L1 and L2 are selected
arbitrarily, we can conclude that any two different lines
on the plane ˘ b will provide the equivalent constraints
on H.
From the foregoing statement, we find that, for a
give image line lc , in theory the constraint obtained
from the far away 3-D line on the back-projecting
plane ˘ b of lc is equivalent to a linear combination
of the constraints obtained from two nearby 3-D lines
on the plane ˘ b . That is to say, the nearby 3-D
lines can provide enough constraints on H. In practice,
the laser endpoint can approach the boundary of the
calibration target when the calibration target is near the
LIDAR. Therefore, putting the calibration target near
the 2-D LIDAR will provide high quality line-point
correspondence and sufficient constraints to estimate H.

5

Fig. 3 A schematic of the fact that the constraint provided
by the line L3 is a linear combination of the constraints
obtained from L1 and L2 . ˘ b is the back-projecting plane
of the image line lc . L1 , L2 , and L3 all lie on ˘ b . L1 , L2 ,
and L3 intersect with the laser scan plane ˘ at points pl1 ,
pl2 , and pl3 . Their corresponding images are qc1 , qc2 , and qc3 ,
respectively.

(18)

Simulation

In this section, we test the performance of the
proposed algorithm using data with varying noisy
level and different number of correspondences. The
camera is simulated by the pinhole model with the
resolution 1292  964. Its intrinsic parameter is listed
below: principal point u0 D 667:5; v0 D 544:9 and
focal lengths fx D 2243:5; fy D 2252:5. All these
parameters are from a real digital camera to make
the result realistic. The relative pose between the
LIDAR and camera is randomly generated in each
trial. Specifically, The camera is assumed to be
static, and the 2-D LIDAR is placed randomly within
a 2  2  2 m3 cube with its roll, pitch, and yaw
angle uniformly distributed over Œ 45ı ; 45ı . Given the
camera and LIDAR, we randomly generate N line-point
correspondences. Levenberg-Marquardt algorithm[19] is
used to minimize Eq. (15). The estimated homography
O is compared with the ground-truth Hgt calculated by
H
Eq. (5). The performance of the algorithm is qualified
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O Fro which is the Frobenius norm of the
by jjH Hjj
estimation error. Since the homography is defined only
O and Hgt are
up to scale, to avoid this ambiguity, both H
O Fro D 1 and
normalized before comparison so that jjHjj
jjHgt jjFro D 1.
5.1

Performance w.r.t. the noise level

In this section, we consider the performance of the
closed-form solution and the iterative solution with
respect to the Gaussian noise with zero mean. The
number of line-point correspondences is set to
10. Generally, both the lines and points used in our
algorithm have noise. To analyze the impact of the noise
of different measurements on our algorithm, we conduct
two simulations.
In the first simulation, the Gaussian noise injected
into the laser point is fixed with standard deviation of
5 mm. On the other hand, we sample 21 points from
each line. Points out of the image are eliminated. Each
line should contain at least 15 points. The standard
deviation of Gaussian noise imposed to the line points
varies from 0 to 10 pixels. For each noise level, 1000
trails are conducted. The average estimation errors of
the closed-form solution and the iterative solution are
shown in Fig. 4. It shows that both estimation errors
increase approximately linearly with respect to the
noise level. It is clear that the iterative solution is much
more stable.
In the second simulation, we fix the standard
deviation of the Gaussian noise of the line as 2
pixels. The standard deviation of the Gaussian noise
injected into the laser point is changed from 0 to 2
cm. For each noise level, 1000 trials are conducted. The
average estimation errors of the closed-form solution
and the iterative solution are shown in Fig. 5. As we
can see, the increase of the estimation error with respect
to the noise level is still approximate to linearity, and
the iterative solution also outperforms the closed-form
solution.

Fig. 5 Average estimation error of the closed-form solution
and iterative solution vs. the noise level of the laser point.

Comparing Figs. 4 and 5, we find that the estimation
result is more sensitive to the noise in the laser
point. The average estimation error is near 0.11 when
the noise level of the line pixel achieves 10 pixels. This
error is approximate to the one at the noise level of
1 cm of the laser point. This result can be explained
by the fact that the noise on the pixel is not directly
involved in our estimation algorithm. Actually, the
proposed algorithm only uses the line parameters. Line
fitting reduces the impact of the noise injected into the
pixel. According to Section 4, we can reduce the laser
noise by putting the calibration object near the 2-D
LIDAR.
5.2

Performance w.r.t. the number of
correspondences

In this section, we investigate the performance of our
algorithm with respect to the number of line-point
correspondences, N . The laser point is perturbed by the
Gaussian noise with standard deviation of 2 cm, and the
line is disturbed by the Gaussian noise with standard
deviation of 2 pixels. We change N from 8 to 15. For
each number, 1000 trails are conducted.
The average estimation errors of the closed-form
solution and the iterative solution are shown in
Fig. 6. Generally, both estimation errors tend to
decrease as N increases, but the estimation error of the
iterative solution decreases more quickly and smoothly.

correspondences
Fig. 4 Average estimation error of the closed-form solution
and iterative solution vs. the noise level of the line pixel.

Fig. 6 Average estimation error of the closed-form solution
and iterative solution vs. the number of correspondences.
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The simulation results in this section and in the above
section validate that the minimization of the geometric
distance (Eq. (15)) is essential and can increase the
accuracy of the result.

6

Experiment

In order to validate our algorithm, we conducted
an experiment in the real environment using a
Hokuyo UTM-30LX 2-D LIDAR and a Basler digital
camera. Since we are lack of the ground-truth in the real
experiment, the algorithm is evaluated by comparing
with the state-of-the-art two-step scheme[11, 20] .
Our algorithm makes use of the line-point
correspondence. In this sense, any object with
straight line boundary can generate valid data
for our algorithm, and the checkerboard is not
essential. But Refs. [11, 20] require the checkerboard
as the calibration target. Therefore, such an object is
adopted in this experiment, so that all the algorithms
can work. The camera intrinsic parameters were
calibrated by the publicly available software[20] ,
and the extrinsic parameters of the camera and the
2-D LIDAR were estimated by Ref. [11] using 25
plane-line correspondences. Then the homography
between the LIDAR and the camera was calculated
by Eq. (5). For our algorithm, we also collected
25 line-point correspondences to estimate the
homography. Figure 7 illustrates two samples of
such correspondences.
Let H1 denote the homography obtained from
Refs. [11, 20], and H2 denote the homography
calculated by our algorithm. Table 1 lists the difference
between H1 and H2 , where min fjH1 H2 jg ;
max fjH1 H2 jg, and mean fjH1 H2 jg represent
the minimal, maximal, and mean absolute values of
the elements in H1
H2 , respectively. As we can
see, the two matrixes are very similar. We collected
1439 laser points. The corresponding pixel coordinates
of these laser points were calculated by H1 and H2 ,
respectively. Figure 8 illustrates some samples of the
reprojected laser points. Table 2 gives the average
difference between these image coordinates. It is clear
that the two sets of pixels are very close. Therefore, the
result of the proposed algorithm is as accurate as the
traditional two-step scheme, but our algorithm is more
flexible and easier to implement.

Fig. 7 Two line-point correspondences used in our
experiment. (a) Two laser points on the boundary of the
checkerboard are labeled by the red circle and blue square,
respectively. (b) The corresponding lines are illustrated by
the red line and blue dashed line, respectively.
Table 1 The minimal, maximal, and mean absolute values
of the elements in H1 H2 .
minfjH1

H2 jg

4:48  10

8

maxfjH1
7:52  10

H2 jg
2

meanfjH1
1:66  10

H2 jg
2

Table 2 The average difference between the pixel
coordinates of laser points reprojected by H1 and H2 . Mean
u-distance and v-distance represent the average absolute
distances of the u and v coordinates, respectively. Mean
distance describes the average Euclidean distance between
the pixels.
Mean u-distance
(pixel)

Mean v-distance
(pixel)

Mean distance (pixel)

1.38

2.38

2.91
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parameters of the camera and LIDAR system. The
proposed algorithm consists of a closed-form solution
followed by a non-linear optimization. The line-point
correspondence is used to establish constraint on the 2D homography. This enlarges the class of calibration
target. Any object with straight line boundary can
be a potential calibration target. Compared with the
traditional algorithms which need special calibration
targets such as checkerboard, our method is more
flexible and easier to implement. On the other hand,
we prove that the constraint provided by the far away
calibration object is equivalent to the linear combination
of two constraints provided by the near calibration
object. So putting the calibration target near the 2-D
LIDAR can provide accurate and sufficient constraints
on H. We validate our algorithm by both simulation and
real experiment. The simulation results show that our
algorithm is robust to noise. The estimation error of the
homography matrix increases approximately linearly
with respect to the noise level and decreases quickly
as the number of correspondences increases. The
experimental result shows that our method can achieve
the same accurate result as the state-of-the-art two-step
scheme.
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