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Abstract: The indentation hardness of a given material is usually load-dependent and such a
phenomenon is generally referred to as the indentation size effect (ISE). The existence of ISE means
that, if hardness is used as a material selection criterion, it is clearly insufficient to quote a single
hardness number. Several empirical or semi-empirical equations, including the Meyer’s law, the
Hays-Kendall approach, the energy-balance approach, the proportional specimen resistance (PSR)
model and the modified PSR model, etc., have been proposed for the description of the variation of
the indentation size with the applied test load and for determining the so-called load-independent
hardness. This paper reviews these existing empirical equations, with a special emphasis on the
analysis and the application of the modified PSR model.
Key words: indentation; hardness; size effect; residual stress

1 Introduction
Low-load indentation hardness testing is a convenient
means of investigating the mechanical properties of a
small volume of solid materials. The conventional
procedure of hardness testing consists of applying a
fixed load on a diamond indenter and measuring, with
the help of an optical microscope, the dimensions of
the resultant indentation impression on the surface of
the test material after unloading. Then the hardness
number, H, can be calculated as the ratio of the applied
load, P, to the contact or projected area, A, of the
resultant indentation impression, i.e.,
⎯⎯⎯⎯⎯⎯⎯⎯
* Corresponding author.
E-mail: dyjiang@mail.sic.ac.cn

H=

P
P
=k 2
A
d

(1)

where d is the measured length of indentation diagonal
and k is a constant equal to 1.8555 for Vickers
hardness testing and 14.229 for Knoop hardness
testing.
It has been well-known for a long time [1-10] that
the hardness number calculated with Eq. (1) is usually
load-dependent. Figure 1 shows the load-dependences
of the measured hardness for some brittle ceramics. As
can be seen, although there are slight scatters in the
experimental data, a graduate decreasing tendency in
the measured hardness with increasing load can be
observed for each material examined. Such a
phenomenon is frequently referred to as the indentation
size effect (ISE). The existence of the ISE implies that,
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Fig. 1 Load-dependence of Knoop hardness of
some ceramic materials. Data from Ref. [11]

if hardness is used as a materials selection criterion, it
is clearly insufficient to quote a single hardness
number, since using a load-dependent hardness number
in material characterization may result in some
unreliable conclusions.
The origin of the ISE has been studied extensively
for about one century [12-14] but now is still a
controversial subject. Several possible theoretical
explanations have been proposed. The most common
explanations found in the literature are experimental
errors resulting from the limitations of the resolution of
the objective lens [15] and the sensitivity of the load
cell [16]. The second set, which is described by Bückle
[17] as the apparent causes of errors, is directly related
to the intrinsic structural factors of the test materials,
including indentation elastic recovery [18], work
hardening during indentation [12], surface dislocation
pining [19], etc. During the past two decades, several
new theoretical models have also been proposed
[20-22]. However, recent reviews [9,10] have shown
that, despite much interest, the cause of the ISE has
never been satisfactorily achieved.
On the other hand, the origin of the ISE was also
explored phenomenologically by many authors [23-27],
who tried to make critical comparisons between the
applicabilities and efficacies of different empirical or
semi-empirical
equations
in
describing
the
experimentally measured indentation data. The
frequently employed empirical or semi-empirical
equations for describing the variation of the
indentation size with the applied test load include the
Meyer’s law [28], the Hays-Kendall approach [29], the
elastic recovery model [18], the energy-balance
approach [30], the proportional specimen resistance
(PSR) model [4], etc. Based on the analyses of a mass
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of experimental data, a modified PSR model was
proposed [6] in 1999 to describe the observed ISE and
to determine the load-independent hardness number.
The physical meanings of the modified PSR model
were also discussed in detail. Then, this new model
was employed to analyze the hardness characteristics
of a series of brittle materials, including glasses [31],
ceramics (both dense [32,33] and porous [34]), cermets
[35] and ceramic-matrix composites [36,37]. It was
well proved that the modified PSR model can give a
satisfactory description of the measured indentation
data and a reasonable explanation for the observed
ISEs can be provided based on this model. Recently,
the applicability of the modified PSR model in
analyzing the indentation size effect observed in
nanoindentation tests was also examined by several
authors [38,39]. Furthermore, this model was also
found [40] to be suitable for describing the so-called
reversed indentation size effect (RISE), i.e., an
increasing tendency in the measured hardness with
increasing load.
The purpose of this paper is to give a brief review
on the existing phenomenological models for
describing the ISE in hardness testing, with a special
emphasis on the analysis and the application of the
modified PSR model. The aims of this paper are to
show how to give a satisfactory description for the
experimentally measured data and then to yield a
so-called true hardness number. Therefore, models
based mainly on theoretical analysis will be not
concerned in this paper.

2 Existing models
2.1 Meyer’s law
A traditional way to analyze the indentation size effect
in hardness testing is to fit the experimental data
according to the classical Meyer’s law, which
correlates the applied load, P, and the resulting
indentation size, d, with [28]

P = βdn

(2)

where β and n are descriptive parameters derived from
the curve fitting of the experimental data.
Compared with Eq. (1), we can find that the ISE can
be related to the derivation of the n-value from 2 and
material with a n-value equal to two would not exhibit
ISE.
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Meyer’s law has been well-proven suitable for the
representation of the experimental data for a variety of
materials including brittle ceramics and, in general, the
Meyer exponent n has been experimentally observed to
be between 1.5 and 2.2 [1,6,41,42]. Combining Eqs. (1)
and (2) gives,
H = kβd n − 2

(3)

Equation (3) shows that, for the case of n > 2, a
reversed indentation size effect would be observed.
Several authors have tried to ascertain some
possible microstructural effects on the Meyer’s
parameters. For example, Sargent and Page [43] found
that, for polycrystalline ceramics, lower n values are
generally associated with higher lnβ values as the grain
size increases. In a study on the Vickers hardness
testing for hot-pressing Si3N4-based ceramics, Babini
et al. [41] also found that, as grain size increases, the n
value increases while the β value decreases. The
degree of the correlation between n and β was verified
to be more evident for single crystals. By analyzing the
Knoop indentation data measured on different
crystallographic
planes
and
for
different
crystallographic directions in two rutile-structure
single crystals, TiO2 and SnO2, Li and Bradt [4]
obtained an inverse linear relationship between n and β
and this line extrapolates to n = 2 at β = 0 which was
considered by Li and Bradt [44] to substantiate that
Mayer’s law is only applicable when an indentation
size effect exists.
When using the relationship between β and n to
discuss the microstructural effects or other material
behavior, however, one should be aware of the fact that
the best-fit value of the parameter β is strongly
dependent on the unit system used for recording the
indentation parameters, P and d. The use of different
unit systems would result in different trends of the
variation of β with n. As an example, Fig. 2 shows the
results reported by Gong et al. [36] for a series of
Al2O3-TiC composite samples. The average sizes of
the TiC particles used for preparing the composites
were different from sample to sample, making the
hardness of the samples increases with the TiC particle
size [36]. Meyer’s law was found to be satisfactorily
suitable for describing the indentation data for each
sample. As shown in Fig. 2, however, completely
different trends are observed when different unit
systems were used, respectively, to record the
experimental data. When recording P in Newton (N)

Fig. 2 Variation of Meyer’s law coefficient β with
Meyer’s exponent n for Al2O3-TiC composites. Note
that completely different trends are observed when
different unit systems were used to record the
indentation data. Data from [36], Knoop indentation

and d in millimeter (mm), it yields an increasing
tendency in β with increasing n. When recording P in
gram (g) and d in micrometer (μm), however, β was
determined as a decreasing function of n.
In summary, a satisfactory explanation of the
physical meanings of the parameters n and β included
in Eq. (2) is still lacking and, in analyzing the
indentation data, Meyer’s law may be used only as an
empirical equation. Because its simplicity, Meyer’s
law is still a mostly adopted method for studying the
load-dependence of the measured hardness. At least,
the Meyer’s exponent, n, may be used in some cases as
an index for comparing the load-sensitivity of the
measured hardness between different materials.
2.2 Energy-balance consideration
The energy-balance consideration was originally
proposed by Frohlich et al. [30]. The basic assumption
in the energy-balance consideration is that, during an
indentation process, the external work applied by the
indenter is converted into a strain energy component,
proportional to the volume of the resultant impression,
and a surface energy component, proportional to the
area of the resultant impression. This assumption
results in the following general formula to relate the
indentation size, d, with the applied load, P,
Pd = α1d + α 2 d 2

(4)

where α1 and α2 are constants.
According to the analysis of Frohlich et al. [30], the
first term of the right side of Eq. (4) represents the
surface energy contribution while the second term
represents the volume energy contribution. Following
this idea, Gong and Guan [45] deduced Eq. (4) based
on the elastic/plastic indentation model developed by
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Lawn et al. [46], and attributed some explicit physical
meanings to the parameters α1 and α2. In general, all
the possible mechanisms that may result in a change in
the area of free surface in the material may contribute
to the parameter a1.
According to Eq. (4), the total load, P, is now
separated into two parts, and only the second term of
the right side of Eq. (4) is related to the permanent
deformation caused by indentation. Thus a
load-independent hardness, sometimes referred to as
the true hardness, HT, can be defined as [1,30]:
HT =

α d
P − α1d
= k  2 2
A
 d

2


 = kα 2



(5)

Fig. 3 P/d plotted against d for some typical
materials. Data from Ref. [11], Knoop indentation

Equation (5) shows that the constant α2 in Eq. (4) is in
fact a measure of the so-called true hardness.
To determine the true hardness number, HT, with Eq.
(5), the value of the parameter α2 should be known
first. So Eq. (4) is usually transformed into:

P
= α1 + α 2 d
d

(6)

It can be expected from Eq. (6) that a plot of P/d vs d
would yield a straight line and α2 can be readily
evaluated through the linear regression.
Clearly, the applicability of the energy-balance
consideration can be examined by testing the linearity
between P/d and d. The energy-balance consideration
has been employed by many authors [1,2,47-50] to
analyze the indentation size effect observed in different
materials and a good linear relationship between P/d
and d was generally observed within a certain range of
the applied indentation load. For example, Fig. 3
shows the plots of P/d versus d for several typical
materials using the data reported by Young and Rhee
[11] and a linear relationship between P/d and d is
clearly evident for each materials, see the solid lines in
Fig. 3.
The main advantage of the energy-balance model
compared with the Meyer’s law is that the physical
meanings of the parameters used in the former are
explicit. However, the energy-balance model also has
some shortcomings. When examining Fig. 3 carefully,
one can find that, in some cases, it seems to be more
suitable to describe the experimental data with two,
rather than one, straight lines, see the dashed lines in
Fig. 3. In other words, the basic equation for
energy-balance model, Eq. (4), seems to be valid only
within a very narrow load range. Gong et al. analyzed

Fig. 4 P/d versus d for a sintered SiC (data from
Ref. [53]) and two hot-pressed Si3N4 ceramics (data
from Ref. [52])

the similar experimental phenomena observed in two
kinds of typical ceramics, a sintered SiC [51] and two
hot-pressed Si3N4 [52] (see Fig. 4). Note that, within
examined indentation load range, all three materials
exhibited microcracking due to indentation and the
crack type transformed from Plmqvist in low load
range to half-penny in high load range. Experiments
confirmed that, for each material, the load
corresponding to the intersection point of the solid line
and the dashed line is nearly identical with the critical
load for the transformation of crack types. Thus, it was
concluded that indentation-induced microcracking
plays an important role in the observed ISE. The works
of Quinn et al. [5,54], in which the effect of
indentation-induced microcracking on the loaddependence of the measured harness was studied
extensively, may be considered as a sound support for
the analyses of Gong et al. [51,52].
It should be pointed out that the effect of
indentation-induced microcracking seems not to be the
only source for the change in slope of the P/d vs d
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curve. At least, as shown in Fig. 3, the experimental
phenomenon observed for steel cannot be explained by
microcracking because it is certain that no
microcracking occurs in steel due to its high toughness
and low hardness. There is reason to believe that some
additional energy-dissipation terms may be omitted in
Eq. (4). Therefore, further study should be conducted
to try to find these omitted terms in order to refine the
energy-balance model.
2.3 PSR model
In the early 1990s, Li and Bradt [4] proposed a
proportional specimen resistance (PSR) model to
provide a new explanation for the observed ISE. This
model assumes that, as the load, P, is applied to a
specimen, P would be partially affected by the material
resistance, Pr, to plastic flow. To a first approximation,
Pr may be considered to be similar to the elastic
resistance of a spring with the opposite sign to the
applied test load, i.e.,

Pr = a1d

(7)

Thus, the effective indentation load and the indentation
dimension can be related as:

Peff = P − Pr = a 2 d 2

(8)

Substituting Eq. (7) into Eq. (8) yields

P = a1 + a2 d

(9)

Noting that the form of Eq. (9) is the same as that
deduced from the energy-balance consideration, Eq.
(4). Therefore, it is undoubted that the PSR model can
also describe the indentation data measured in a
narrow range of the applied load. One of the
advantages of the PSR model compared with the
energy-balance consideration is that the constant α1
now is related to the elastic properties, making it
possible to discuss the effect of elastic deformation on
the hardness measurement.
It should be pointed out that the PSR model may be
considered as a modified form of the Hays-Kendall
approach [29]. When examining the ISE in the Knoop
hardness testing of a number of metals, Hays and
Kendall [29] advanced a concept that there exists a
minimum level of the applied test load, W, named the
test-specimen resistance, below which permanent
deformation due to indentation does not initiate, but
only elastic deformation occurs. They introduced an

effective indentation load, Peff = P − W, and proposed
the following relationship,

P − W = k1h 2

(10)

where W and k1 are constants independent of the test
load for a given material.
One important parameter which can be extracted
from the analysis of the experimental data according to
the Hays-Kendall approach is W, the minimum test
load below which the material would not exhibit a
permanent indentation deformation.
It was generally reported [4,23,36], however, that
the W-values deduced from the microhardness tests are
too large to be acceptable, although this equation may
give an excellent description for the indentation data.
This may be the main reason for the fact that only a
few studies employed the Hays-Kendall approach to
analyze the observed ISE. To overcome this obstacle,
Li and Bradt [4] considered W as a load-dependent
quantity, rather than a constant, yielding Eq. (9).
Several studies have shown that the load-dependent
specimen resistance, Pr, is a powerful parameter for
examining the ISE caused by different mechanisms.
For example, Atkinson and Shi experimentally
investigated the role of friction between the indenter
facets and the test specimen on the Vickers hardness of
iron, copper and aluminum [55,56] and found that
friction is the main source of the observed ISE. Li et al.
[57] analyzed the experimental data of Atkinson and
Shi with the PSR model and concluded that the
contribution of friction to hardness and the ISE is
inversely related to the indentation size, i.e, scaling
universally with (1/d), thereby can be considered
properly in the first term on the right side of Eq. (9).
2.4 The modified PSR model
Similar to energy-balance model, the PSR model can
be used to describe the indentation data only for a
narrow indentation load range, see Fig. 3 for example.
When examining the indentation size effect in brittle
ceramics, as well as some metals, in a relative wide
range of the indentation load, a significant nonlinearity was observed in the resultant P/d vs d curve
[32,58]. To give a reasonable explanation for this
experimental phenomenon, Gong et al. [6] presented a
phenomenological analysis for the description of the
test-specimen resistance, Pr.
In the PSR model, the test-specimen resistance was
treated approximately as the elastic resistance of a
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spring with the opposite sign to the applied load. Such
an approximation seems not to be tenable. In general,
the material properties near the surface differ from
those in the bulk. Typical examples can be found in
materials with a machined or tempered surface, in
which the stress state near the surface is rather
different to that in the bulk. For the hardness testing of
brittle ceramics, the test specimens are generally
obtained with a machined and polished surface. The
surface machining process, which removes materials
mechanically, may introduce both plastic deformation
and cracks into the material adjacent to the surface.
The elastic/plastic interaction of abrasive grains with
the ceramic surface has been considered analogous to a
series of closely spaced, single-point indenters. As
reviewed by Lawn and co-workers [59,60], a sharp
indenter plastically deforms a small volume of material
and results in a residual stress effect around the plastic
indentation impression. Similar phenomenon would
also occur during machining and grinding. Because the
plastically deformed volume elements associated with
each grinding groove overlap one another, the
complete surface would be plastically deformed and in
a state of compression [61-63]. Although a quantitative
analysis relating the effect of such a plastically
deformed surface on the hardness measurements is still
lacking, there is reason to believe that, if it is true that
the material resistance, Pr, of the specimen with a
plastically deformed surface can be simulated as the
elastic resistance of a spring, such a “spring” must
have been in a state of compression, rather than
stress-free, before being subjected to indentation. If
this were the case, Eq. (7) would be revised as [6]:

(a)
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Pr = a0 + a1d

(11)

where a0 relates to the residual surface stresses in the
test specimen.
Following the PSR model, the effective indentation
load, P−Pr, and the indentation size, d, are related as:

P − Pr = a2 d 2

(12)

Substituting Eq. (11) into Eq. (12) yields:

P = a0 + a1d + a 2 d 2

(13)

Eq. (12) can be regarded as a revised form of the PSR
model. Thus, the physical meanings of the parameters
a1 and a2 in Eq. (13) are the same as those in Eq. (9).
The applicability of Eq. (12) in describing the
indentation data has been verified by analyzing a mess
of experimental data [64-69]. Here we present a typical
example to compare the accuracies of the PSR model
and the modified PSR model. Figure 5 (a) shows the
measured Vickers hardness, HV, as functions of the
applied indentation load, P, for five ceramics. Clearly,
all the examined materials except mullite show
significant ISE. In fact, a slight ISE also exhibit in
mullite since analyzing the data for mullite according
to the Meyer’s law, Eq. (2), yield a Meyer’s exponent
n = 1.970 [6]. Each of the data points in Fig. 5 (a)
represents an average of measurements from at least
five tests and the ISE was observed in each case. The
experimental data is then represented in Fig. 5 (b) in a
P/d versus d scale (the PSR model) and in Fig. 5 (c) in
a P versus d scale (the modified PSR model),
respectively. The PSR model is found to be sufficiently

(b)

(c)

Fig. 5 (a) Vickers hardness vs applied test load, (b) P/d versus d and (c) P versus d curves for different materials;
Data from Ref. [6]: () FD-02; () FD-03; () Al2O3; () TZP; () mullite.
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Fig. 6 Relationship between a0 and a1/a2 for
Vickers and Knoop indentation. Data from Refs. [6]
and [33], measured with different materials
including glass, ceramics, cermets and ceramic
composites

suitable for describing the data only for some materials
(e.g. TZP), while the modified PSR model is proved to
be much powerful for all the examined materials.

3 Modified PSR model: further comments
3.1 Residual stress

3.2 Reversed ISE
It was found that the modified PSR model can also be
used to describe the reversed indentation size effect,
RISE. RISE, i.e., the fact that the measured hardness
increases with increasing indentation size, has been
occasionally reported [40,74,75]. An example is shown
in Fig. 7 (a), where the apparent hardness was found to
increase with increasing applied indentation load for
Ti(C,N)-based cermets [40].
Substituting Eq. (9) into Eq. (1) yields
a 

H = k a2 + 1 
d 


(14)

h

The modified PSR model, Eq. (13), differs in form Eq.
(9), the original PSR model only in the a0-term.
As discussed by Gong et al. [6], the parameter a0
included in Eq. (13) is a measure of the residual
surface stress of the test specimen. On the other hand,
according to the analysis of Li and Bradt [4], a1 and a2
can be related to the elastic and the plastic properties
of the test material, respectively. Note that material

parameter E/H is a measure of the magnitude of the
indentation residual stress resulting from the mismatch
of the plastic zone and the surrounding elastic matrix
[46]. Analogously, the a1/a2-value may be treated
roughly as a measure of the residual stresses due to
machining and polishing. Figure 6 shows the relations
between a0 and a1/a2-value measured with different
ceramic materials by Vickers [6] and Knoop [33]
indentations, respectively. It is evident that, for a given
indenter, there exists a strong correlation between these
two parameters, given a sound support for the
applicability of the modified PSR model.
In same cases, authors also found that, when
analyzing the indentation data measured on a given
material according to Eq. (13), the best-fit value of the
parameter a0 is so small that can be neglected [70-73].
This may be due to the fact that the test samples were
subjected to careful surface finishing and, as a result,
the residual surface stresses were removed completely
[73].

l

(a)

(b)

Fig. 7 Plots of (a) Vickers hardness vs applied test load and (b) indentation size vs the applied test load for a series
of Ti(C,N)-based cermets. Data from Ref. [40]. Details about the test materials can be found in Ref. [40]
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Noting that a1 is related to the elastic properties of the
test material and, thus, should be positive, it can be
expected from Eq. (14) that the apparent hardness, H,
would decrease monotonously with increasing d. This
is to say that the PSR model or the energy-balance
consideration can be used only for the description of
the normal ISE, i.e., the phenomenon that the hardness
decreases with increasing load, and is unsuitable for
describing
and
analyzing
the
experimental
phenomenon shown in Fig. 7 (a).
However, the modified PSR model is still
applicable in this case. As shown in Fig. 7 (b), the
best-fit results according to Eq. (13) (the solid lines)
are plotted together with the experimental data
(symbols), indicating that Eq. (13) can provide an
excellent representation of the experimental data.
It is interesting to examine the hardness variation
for the considered Ti(C,N)-based cermets within a
much wider range of the applied load. Using the
best-fit values of the parameters included in Eq. (13)
for the sample TCN1, the apparent hardness numbers
were calculated as a function of the indentation size
with
a +ad +a d
H = 1.8544 0 1 2 2
d


2






(15)

The calculated results are shown in Fig. 8 (a) (solid
line). Also shown in Fig. 8 (a) are the experimental
data measured at different load levels for the same
sample. It can be seen that the trend predicted with Eq.
(15), solid line in Fig. 8 (a), is in good agreement with
the experimental results (symbols).

(a)

An interesting feature of Fig. 8 (a) is that, when the
indentation size is large enough, a normal indentation
size effect will be observed. This seems to say that the
RISE may be an experimental phenomenon which can
only be observed with a relative lower and narrower
range of the applied indentation load. A further support
for this statement comes from the analysis of the
experimental data reported by Sakai et al. [76]. The
original data for the mullite sample M-75 listed in
Tables 3 and 4 in Ref. [76] were analyzed according to
Eq. (13) and then best-fit values of the parameters a0,
a1 and a2 were used to calculate the apparent hardness
as a function of test load. The calculated results are
now compared with the measured data in Fig. 8 (b). It
can be seen that, a RISE is observed for the Vickers
hardness testing conducted in the low load range.
When the applied load is high enough, both Vickers
and Knoop hardnesses exhibit a normal indentation
size effect, i.e., the hardness decreases with increasing
indentation size.
3.3 Numerical simulation
As discussed above, PSR model can describe the
indentation data measured within a narrow indentation
load range. If the examined indentation load range is
broadened, a change in the slope of P/d versus d curve
will be observed and then the modified PSR model
should be used. The universality of such a
phenomenon can be verified by a simple numerical
simulation [77]. It has been verified experimentally
that the ISE in ceramics can be well described using
Meyer’s law, Eq. (2), and a correlation coefficient
larger than 0.99 can be obtained almost without

(b)

Fig. 8 Load-dependence of the apparent hardness for (a) Ti(C,N)-based cermet (sample TCN1 in Fig. 7) and (b)
mullite ceramic (sample M-75 in Ref. [76]). Symbols represent the experimentally measured data and slid line
represents the prediction of Eq. (15)
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exception when analyzing the experimental data
according to Eq. (2) by linear regression of the
logarithmically transformed data [3,4,6,41-43]. Thus,
we can calculate the indentation size, d, corresponding
to a given applied load, P, approximately from Eq. (1)
if the exact values of both parameters n and A are
known for a given material. In a previous study, the
applicabilities of Eqs. (9) and (13) are compared using
the “experimental” data calculated from Eq. (2), rather
than measured, for three kinds of “imaginary”
materials, or three samples, for which the values of
parameters n and A are prescribed: n = 1.5 and ln A =
8.0 for sample A, n = 1.7 and ln A = 8.0 for sample B,
and n = 1.9 and ln A = 8.0 for sample C. In order to
obtain a complete understanding of the ISE, the
“experimental” data are calculated for a wide range of
applied load, 1-20 N. Part of the results are now shown
in Fig. 9. It is clear that Eq. (9), the PSR model, does
not give an accurate description of the indentation data
while Eq. (12), the modified PSR model, is proven
sufficiently suitable for studying the indentation size

Fig. 9 (Upper) P/d vs d plots and (lower) P vs d
plots for the “imaginary” samples. Data calculated
according to the Meyer’s law with different n-values
and a fixed lnA value of 8.0. Figure 3 Relationship
between linear shrinkage and drying time of green
compacts (four samples)

effect in a relatively wide range of indentation load.

4 General consideration
In fact, it should be pointed out that the above
mentioned progress in the quantitative description of
the indentation data, from the Hays-Kendall approach
[29], to the PSR model [4] or the energy-balance
consideration [30], and finally the modified PSR
model [6], may be regarded to be results of the
applications of an empirical equation proposed
originally by Buckle [78],

P = a0 + a1d + a2 d 2 +  + an d n

(16)

where ai (i = 0, 1, 2, , n) are adjustable constants.
It was usually suggested that the a0 term in Eq. (16)
corresponds to a load threshold for an indenter to make
a permanent indentation and has such a low magnitude
that it can be ignored in most situations [5].
Furthermore, a good fit of experimental data was often
obtained utilizing only two of the power series terms
[4,30]. This thus results in an expression used in the
energy-balance consideration [30] or the PSR model
[4].
Note that Eq. (13), the general form in the modified
PSR model differs in form from Eq. (4), the
energy-balance consideration, or Eq. (9), the PSR
model, only in the a0 term, implying that, at least for
brittle ceramics, the load threshold a0 cannot be
ignored. In fact, this can be understood easily by
considering the fact that, as mentioned above, the
ceramic specimen used for hardness testing usually has
a machined and polished surface and the residual
surface stresses, resulting from the mismatch between
the local plastic deformation and the surrounding
elastic matrix, makes the indented surface looks like a
pre-stressed, rather than stress-free, “spring”.
Furthermore, brittle ceramics usually harder than
metals and indentation at the same load would yield
small plastic impressions in ceramics than in metals,
thereby resulting in a much significant effect of
residual surface stresses around the indentation
impressions, i.e., a larger a0 value.

5 Summary
In summary, it is sufficient to utilize only the first three
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terms of the power series, Eq. (16), proposed by
Buckle [78] to describe the indentation size effect
observed in brittle ceramics. If one assumes that the a0
term in Eq. (13) has such a low magnitude that it can
be ignored, the basic equation used in the
energy-balance consideration or the PSR model can be
obtained. However, examining the indentation size
effect within a relative wide range of the applied load
reveals that it seems not to be reasonable to treat the a0
term as zero. Therefore, a modified PSR model was
proposed and the non-zero a0 term was suggested to be
related to the residual surface stress resulting from the
machining and polishing of the test specimens.
The applicability and the rationality of the modified
PSR model were discussed in this paper based on the
analysis of some typical experimental results. It was
concluded that the modified PSR model can provide a
satisfactory description of the experimental data and
the best-fit values of the parameters included in Eq.
(13), the basic equation deduced from this model, can
be explained based on the proposed physical meanings.
Furthermore, it was also proved that the modified PSR
model may be used to study the reverse indentation
size effect.
Open Access This article is distributed under the
terms of the Creative Commons Attribution License
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